We study the periodical solutions of a Poisson-gradient P DEs system with bounded non-linearity.
Introduction
We consider the point T = (T 1 , ..., T p ) and the parallelepiped T 0 = [0, comes from the fact that the weak derivatives are defined using the space C ∞ T of all indefinitely differentiable multiple Tperiodic functions from R p into R n . We denote by H These are induced by the scalar product (Riemaniann metric)
on R n+np (multiphase space) and its associated Euclidean norm. We shall also use the scalar product (u, v) = δ ij u i v j and the norm |u| = δ ij u i u j simultaneously, from the Euclidean space R n . Let t = (t 1 , ..., t p ) be a generic point in R p . Then the opposite faces of the parallelepiped T 0 can be described by the equations
for each i = 1, ..., p. We shall study the minimum of the action
on the space H 1 T , considering that the potential function F has the property of bounded non-linearity. We use the method of the minimizing sequences and the coercitivity condition
The extremals of the action ϕ verifies the Euler-Lagrange equations with the boundary conditions
Due to the particularity of the Lagrangian L, the Euler-Lagrange equations reduce to a P DEs system of the Poisson-gradient type ∆u (t) = ∇F (t, u (t)) .
The aim of this paper is to discuss the existence of solutions of this PDEs system with suitable boundary conditions. More precisely, we extend the theory in [2] from single-time to multi-time field theory, developing the ideas in the papers [6] , [7] , [9] . In this way we find positive answers for the existence of multi-periodical solutions of Euler-Lagrange equations that are Poissongradient PDEs with bounded non-linearity. The results can be applied to the multi-time geometric dynamics ( [5] , [8] , [10] - [12] ).
On the weak differential of a function
We consider C ∞ T the space of the indefinitely differentiable functions multiple periodical with the period
OT an arbitrary curve from T 0 , having the endings at O = (0, ..., 0) and 
OT . By Fubini Theorem, the function w satisfies the relation
This means that
We consider now γ :
T . We will particularize for the function sequences
and we observe that (see the Fourier series theory) u (t) − w (t) = c, c ∈ R n almost everywhere in T 0 (the constant is the only function orthogonal to the previous sequences). By replacing w (t), we find that
weak differential of the function u. By a Fourier series argument, the weak differential, if it exists, is unique. The weak differential of u will be denoted by du. The existence of du implies
Proof. Successively we have the relations
Using the Cauchy-Schwartz inequality, we obtain
.
Continuously differentiable action
The next theorem establishes some conditions in which the action
is continuously differentiable. In this way we extend the particular case p = 1, studied in [3, Theorem 1.4]. Theorem 3. We consider L :
, a measurable function in t for any (x, y) ∈ R n × R np and with the continuous partial derivatives in x and y for any t ∈ T 0 . If here exist a ∈ C 1 (R + , R + ) with the derivative a ′ bounded from above, b ∈ C (T 0 , R n ) such that for any t ∈ T 0 and any (x, y) ∈ R n × R np to have
then, the functional ϕ has continuous partial derivatives in W 1,2 T and his gradient derives from the formula
Proof. It is enough to prove that ϕ has the derivative ϕ
given by the relation (4) and the function ϕ
is continuous. We consider u, v ∈ W 1,2
We build the functions
Because the derivative a ′ is bounded from above, exist M > 0 such that
,
. Then Leibniz formula of differentiation under integral sign is applicable and
Moreover,
That is why
By using the inequality Cauchy-Schwartz, we find
By consequence, the action ϕ has the derivative ϕ
given by (4). The Krasnoselski theorem and the hypothesis (3) imply the fact that the
is continuous, so ϕ ′ is continuous from W 
determines the Euler-Lagrange equations
(P DEs system of second order in the n-dimensional space). We remark that in the left hand member we have summation after the index α (trace).
An action that produces Poisson-gradient systems
A function u (field) that realizes the minimum of the action
verifies a P DEs system of Poisson-gradient type (Euler-Lagrange equations on
together with the boundary conditions
4.3 Periodical solutions of Poisson-gradient dynamical systems with bounded non-linearity Theorem 4 . Suppose the function F : T 0 ×R n → R, (t, u) → F (t, u) satisfies four properties: 1) F (t, u) is measurable in t for any u ∈ R n and it is continuously differentiable in u for any t ∈ T 0 , 2) There exist the functions a ∈ C 1 (R + , R + ) with the derivative a ′ bounded from above and b ∈ C (T 0 , R + ) such that for any t ∈ T 0 and any u ∈ R n to have |F (t, u)| ≤ a (|u|) b (t) and |∇ u F (t, u)| ≤ a (|u|) b (t),
3) It exists g ∈ C 1 (T 0 , R) such that for any t ∈ T 0 and any u ∈ R n , to have |∇ u F (t, u)| ≤ g (t) .
4)
The action ϕ 1 (u) = 
